Algebra 2 Worksheet Solutions November 1, 2012

Section 2.1 Quadratic equations

2. Use the quadratic formula to solve each of the following, giving your answers correct to
one place of decimals:

Remember...

(a) (i) x> —2x—2=0 1f ax+bx+c=o0

X= -t ~4ac
a=| x= - E{E —qx-2) — 2
b= -2 20
c=-1

- %] _ 9+l - 2% -
2:+s_2f 2-215_ BAE)

X, = (453 = 2%
X, = |-§3 =-0F

3. Use the quadratic formula to solve each of the following, leaving your answers in

surd form:

(a) ) 3x>+4x —5=0

Remember...

+ If ax*+bx+c=o
a="% X= =4 247 4 (3)s) X= -bt{oT—dac
Lot 209) — 2
c=-5 =420 _ -2%da

A 3

X, = -2+%a

3

’(1., -—2"\74
>
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4. Solve the following equations:

(a) (i) * ; 7y % =4 multiply by LCM = 3x

X (x+3) +3(2) = 4 (3%)
X2+ Fx + 6 =12¥
¥t -Sx ¥b =0
L)( -2 X’( “3)=°

X=2 \ X=7

5. By finding a suitable substitution, solve each of the following:

(c) (y+§)2—9(y+%)+20=0

oo X =gty ¥ feoeie oo X*-Gx +20=0
(x-—‘l-)(““g)’c’
x=4 | x=¢

Sub backe tw lf-’?‘.“% 5,_.?‘4_(;7’
Hy= g Syt
37.__4'#*.1(,50 #1’—{7 +% =0
(232 =2 (- Xg-t)=e
7_7.3— It}.—,z y—:‘f | ol
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10. The graphs of the functions
flx) =2x = 3x — 2 and g(x) = 7‘“; 3
are drawn as shown. Using the graphs,
estimate the solutions of the following
equations

dx +
x=(153)

(El) f(\) =1 where green curve cuts x-axis
(b) g(x) = () where blue line cuts x-axis

(C) f(x) = g(\) Intersection of blue line and green curve 2yt — 3y — 2

@) Xx=-0'S od X=2
b ¥x=-0%
©) 2= ~0b o X=2:4

Section 2.2 Nature of quadratic roots

9. Prove that the equation (k — 2)x? + 2x — k = 0 has real roots, whatever the value of k.

Remember...

L If (b? — 4ac) > 0 — two different (distinct) real roots | ¢ real mumber 20
2. If (b? — 4ac) = 0 — two equal real roots B SRR E & HeEl MmnLeErs
3. If (b? — 4ac) < 0 — two imaginary roots 2>
4. If (b?> — 4ac) is a perfect square — rational roots x220,x R
T
* = -9k
a= k-2, b2-bac = (2)*-4 (K-2XK) = Y4 + %K g
b=2 = 4(K-1x+1)
K (x-1)" 20
c=- = V(K_IYK-') = q. =

D it hes wreal roetS
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3. Find the discriminant of each of the following equations and state if the roots are

(a) real and different
(i) 2 +x+5=0
(iv) —3+2x—x2=0

Remember...
Discriminant = A
A =Db2-4ac

(M a=3 ,b=2 &= -\
A= ()=4@)-0)

= ¢ +12
=|L2°e

real and different

a=| , 5=7, ce=1b
A = (8) -4 (O

= L4 -4

w

=0
real and equal

¢) az2 , b1, c=g

(b) real and equal
(i) —2x2+3x+1=0
(v) ¥ +8 +16=0

(c) imaginary.
(i) 32 +2x—1=0
(vi) 25— 10x +x*=0

G a=-2 b"SIc=|

A =0 -4(2)(s) A\ = (-4 E2)0)
=1 -Yo >9+%
= -39 <o = |F>0

imaginary roots real and different

G\’) a=-| ’ "2, e= -2

A= (2)-4 (1))
> 4‘12
= -8 <o
imaginary roots
W) a=| , b=~l10 ‘c’2€
A= (—lo)‘—“l'(‘xzs)
= loo —~leo

real and equal

November 1, 2012
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10. Find the value of & for which the equation (k — 2)x? + x(2k + 1) + k = 0 has equal roots.

Remember... Remember... o= k -2
Discriminant = A When roots are equal

A =Db2-4ac A=o

lo = 2K +)
c =K

S () -4 (k-2)(K) =0

4T -k ) - 4K %K = o
| = 2K

=L
K 7

13. Show that the equation x* — 2px + 3p® + g° = 0 cannot have real roots for p, g € R.

Remember... A= | b = - 1'0 c= 3‘)7_ + ”];L
Discriminant = A
A =Db2-4ac A - (’ZP)‘L 'q(‘)(zf"t*"[})
Remember... = Lt P‘L -— ‘2 r-" - q'{

When roots are real

A<o = T3t -4g =0

imaginary roots
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Section 2.3 Solving quadratic and linear equations

Solve: 12. x>+ y>+2x —4y+3 =0
xX—y +3 =0 Step 1: Rewrite linear é X = ga_.g

Step 2 Sub o quadratc & save o e
(42> +Yy* +2(y-3) -4y 370 X=y-3
Yo-by+a TYT 429-b “hy 3= X=1-3=-2
24% -8y +b =0 (-2,1)
AR X=3-3=0
(y- tNy-3)=e (c.3)
4=1 | 473

Section 2.4 Quadratic and linear equations in context

10. The hypotenuse of a right-angled triangle is 6 cm longer than the shortest side.
The third side is 3cm longer than the shortest side. Find the length of the shortest side.

X*= (x- O #(x-3)"

r .
Xk X%= X*-12% +36 417 -CY +9

L

X-3

(x-73 x-S Y=o
Remember... x= lg '@ 'H/\\g ﬁ:\i\&ﬂ ,Il/\’o”'ﬁs
Owe Si s D Se
Pythagoras it doesut mele Sewse .
az= b2+ ¢2
> ll\z fa“fh-utc. =I5 am

Shortest sike = IS-b =9 g
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13. A circular swimming pool with a diameter of 28 metres has a
wooden deck around its edge.
If the deck has an area of 607 m?, find the width of the deck.

fool peen = T (14)° = \Abw ¢

R = Radius of pool + deck?
Bol + Deck heea = 14LT +low = 256w
J5ppf = MR
R={2sc =l

Remember-...

Area of a disc = mtr?

Withof deck = Ib-14 = 2 m

Section 2.5 Forming quadratic equations from
their roots

1. State (1) the sum and (i1) the product of the roots of each of the following
quadratic equations.

(a) X24+9%x +4=0 (b) x> —2x—5=0
() r+r,=-9 (v, =2
() iy =4 Gy v, =-5

Remember...

Xt'(s‘;:‘,é)” +(P:.FJ:-‘§5 =0
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3. Find the quadratic equations that have the following pairs of roots (r, ;).

(IV) (\/g, 4) Remember-...

X* - (sum et ) % + (Pes)=0

X*— (4+S)X + 4§ =0

W

)

- (5030 e (BF)

xz_(zsu, x +15 .o
1© lo

)

(viii) (

b

lox* — 3Ix + 15 =°

Section 2.6 Max and Min of Quadratic graphs
3. Write each of the following in the form (x — p)?> + g = 0.

(i) x> +4x —6=0

X 2

X2 +Ux+4 —6-4=0°

Y

% x* 2%

(x+2)" -0 =o
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9. If f(x)=x*+ 4x +7,find
(i) the smallest possible value of f(x)
(i1) the value of x at which this smallest value occurs

November 1, 2012

(iii) the greatest possible value of mi}c—w
X 1
- k. s Py = X*+bx+e +3-4
1 2x 2
= (x+2)° +3
] = |4 min pt- (=2,3)
(N3
() -2

(ii1) the greatest possible value of Ctax+7)°

the value of this fraction is greatest when the denominator has its minimum va
. l‘
this occuns of xX=-2 Yo Swb tn

|
| =
() + 4 L2)+% t-3+3

lue

1
3
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4. The graph of y = a(x — p)> + ¢ has a minimum point (p, q).

By completing the square, find the minimum point of each of the following
quadratic equations:

(i) 322 —6x—1=0 Y= 3[X"‘—2X'J§]
X -l
-3 Xro2xHy 75t
% X* - 8
T
=3[ (x-1) -%]

min. pt. = (',"‘"7

Section 2.7 Surds

2. Express each of the following in its simplest form:

(i) 2vV2 +6v2 —3V2 (i) 2v2 + /18
= + Ja(2)
= %1 -38 22
= 5§
= Sﬁ

10
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5. By rationalising the denominator, express each of the following in its simplest form.

12

) 3773

Remember-...

When dividing by a Compound Surd

Remember-...

Conjugate of

(a+1b)is (a-b)

multiply above and below

by its conjugate

12 (34 §2)
(3-5)(3+52)
\

notice difference of 2 squares

12(3+52) 12 (3+52)
a -z ¥

Section 2.8 Algebraic surd equations

—1+V3
4. Showthat —— ‘= =2
oW a +‘/§

1
i s e Hhen

_[+ﬁ

— /3.

easy way is to multiply by LCD

(2-53)1+53)
9-22-53-1
-152 /

11
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7. Solve the following equations and check your solutions in each case:

If there is only one surd, isolate it on one side and then square both sides and solve.

e Solve the resulting equation.
s Check your answers.

(iv) V3x —5=x—1
SQUARE BOTH SIDES
3x =S = X -2%+I
x*-Sx+bL =0
(x -1 Xx-2) >
k=3 | X=2

8. Solve each of these equations and check each solution:

iv) V3 x—2=Vx—2+2
SQUARE BOTH SIDES

Ix-2 = (x-2) t4§ix-2 +¢
-2 = X +bJx-r ¥2
ax-4 =4%Ix_2

SQUARE BOTH SIDES

e

-
If there are two surds. move one to each side of the equation. Square both sides and
isolate any remaining surds. Square both sides again to remove any remaining surd.

?
Check: 3(_5)_ S = 3-)
Ja -5 =?z

Jeay-s £ 2-
.S b- 9

?
J—T = | v both answers are valid

Remember-...

(A'i'b)‘ = o +2alo +b*

v~ Jbx +1b = il x -2)

Uy - |bx +1b = [LX-32
qx"-__gz_x‘l'l-e?’o
X —-8x+ 12 =2
(x — \x-2)=°

x-6 | x=2

12
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Section 2.9 The factor theorem -

6. Show that (2x — 1) is a factor of 2x* + 7x? + 2x — 3.

if (ax-1) i o feome
Remember-...

If (x - a) is a factor ten -F{‘li):o

f(a)=0

cade: ()= 9(4) + F(E) +2() 2

= Z +X41-3
¥ 4

='.L+1—'2 =0
¢ v

15. Factorise fully x* — x? — 14x + 24.

Hence solve the equation x* — x? — 14x + 24 = 0.

f (' ) = LD’_(|)“-_ “*0)"’ 24 Jo Remember...
Fy= (2)- () -i4lyrey =0 If f(a)= 0
Se  (x-0) 5 = fockoe then (x - a) is a factor
DIVIDE X’L +x _ l2 FACTORISE ,
vz [XT-XT-lgx +2% X" +x-12
x>t (x =3 )x +e )
X'~ 14X FACTORS ARE:
X' =2 (X +4)
+X = IX (x-2)(x-
: (2% +2 SOLUTIONS ARE
Ti12x 24
2x X=2 , X=3 x==4
0

13
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20. If (x + 2)and (x — 3) are both factors of 2x3 + ax®> — 17x + b, find the

values of ¢ and b.
Hence find the third factor.

NS 2(-28 +a(-2)~ F(2) ¥ b =°
-t +4a +34 +b =0
Yaq+b=-1%

£y = 2(3)* + a3y = 13() +b =
S4+9a - 5) +b=0
Ta +bo = =)

23 + 3¢ - Fx -3

multiply given factors : (Xx+2)(x-3) =

2x 45

divide XE-%x-L rZX?’ +3X -1 %o
T 2% T2x* Tizx

SX*- §x -3o

75X Isx T30

Remember...
If (x - a) is a factor

f(@)=0

Qa +b=-3

~Ya-l0=13

5a =15
a=3

b(3) +b=-13
12 +lo =-13
b =-30

X:=3x+2x-6 = X2=X-0(

OHer fach s is
(2x+5)

0

14
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Section 2.10 Graphs of cubic polynomials
7. Given*_f(x) = (x + 2)(x — 1)(x — 3),find the values of f(O),_f('i)and J(2).

Hence draw a rough sketch of the curve.

*

fG@)-= (o%2)(s=2) (1) = (2)X-1)(-3) = ¢
9-5 3‘; * Answer in the book is incorrect

F - (20 ~E)E)E)- 5 -
fy - (z+)(2-)(2-3) = =) = -4

* from factors we know (-2, 0), (1, 0) and (3, 0) are points on the curve

Y 3[@() note : +Lus o
Iskelzl.' bosest 64
X foo ¢
-2 &
6

~ o% o
° &
L]
\
-

2; n {60y = (x4 2)0x-3(%-3) )

15



Algebra 2 Worksheet Solutions November 1, 2012

11. Find a cubic expression for each of the following curves.

(i) Y4 (1, 30) axg +tbx*+cX +d =0

. (x-)(x-e)x+5)=°
07 5 F()= (X3 x=)(x+E) T
1 Soles

/ \ ek £00) = (1 3) -6 +5)

. > = (aX=-S)(I-5) =I5 #30
1 2 4 5 X

Scale factor of 2 needed.
F Fl) = 2(x- X=X XH+K)
. (N X-L3EX )

Expand... :

)= 23~ I+ 2Fx+ (8

11. Find a cubic expression for each of the following curves.

(X +eXX+5)(x-25) =0 .

s £63) = (x +4)(x +£)(x-25)
code $()= (o ¥4 )(o+5) (= %)
= (@XEX-%)=-5 %20

Scate fachn of -l naidad

£6)= -4 (xew)(x+5)(x-%)

= (X+9)2x41)5-X)
expenel - :
Fx) =4 x> - 3X* + Tk x +20

16
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15. The volume of a cylinder is given by V = 7r?h, diameler
where r is the radius and / is the height. . Zf - I/\,
Given that the diameter is equal to the height,
show that the volume can be written as

height = b
V=ah’. 2
Taking 7 = 3.14, find the value of a4 correct to
two places of decimals.
Using this function, calculate the volume of a cylinder V” 1T (b 5‘ lA = ar L\?
with a diameter of 11 cm. " -
Find the diameter of a cylinder whose volume is Lt

215.58 cm?, correct to one place of decimals.

3a: T =039

kS
y= oaad’ V= o314
Ditweren= || 21553 = 0-19 4*
V= paq(11)* = 1051-42 oud =455 fo3q =

d= %.j uUS$8 ), 34 = LSO

17
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