Area and Volume Section 6.3 Solutions March 25, 2013

Area and Volume
Scetion 6.3

Section 6.3 3-Dimensional objects

1. Prisms

A prism is a three-dimensional figure that

has the same cross-section all along its length.
Shown here is a standard triangular prism.

The volume = (A > [)m?

The external surface arca = [2ZA + 3(/ = b)|m?

A rubbish skip is also a prism where the base is in the
shape of a trapezium.
Given that the width and perpendicular height of this
skip are both 1.8 m,
the volume V = Areagaperivm < 1-8 m?

- (3_5_+_2-3) x 1.8 % 1.8 m®

2
= 9.369m* = 9.4m°.

The surface arca of a prism is best obtained by expanding the net of the prism.

The slant height is V0.67 + 1.8 = 1.9m Lo E
Sm
The area of each end (E) = (1.8 < 1.9) m? 0D6m| T~ 1.8m
This skip has an external surface area of: 1.8 m
Area = 2(32123) 5 1.8 + 1.8 2.3 + 2(1.8 < 1.9) 3.5m 23m
= 21.42m?
E
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2. Revision of Cylinder, Cone and Sphere

Shape Diagram

Properties

Cylinder

«—

Volume = 772 X h
Surface Area = 2 X 772 + 2ar X h

Net of cylinder:

2mr

@)
&

Cone

Volume = %wrz > h

Surface Area = @r? + arrl

o>

Net of cone:

Note: (i) In a right circular cone, the apex is
directly over the centre of the base.
Hence, 2 = > + A2
(ii) The arc length of the sector (s)
= circumference of the base (Z7r).

Sphere

]

— 4

Volume phere = 3 7F
= B 5

VOlumehclnisph:rc =T

Surface area of sphere = 4772

Surface area of hemisphere = 3777

Pyramid

Volume = %az > h
Surface Area = @? + 4(3al) = a* + 2al

o
P I < §
lh+4

Net of pyramid:

Note: Both a prism and a pyramid can have many differently-shaped (polygonal) bases.

Generally,

(i) the volume of a prism = (area of the base) X A

. ) i P PR . base
(ii) the volume of a pyramid = 3 (arca of the base) X &
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3. Degrees of accuracy

When a measurement is made to a given degree ol accuracy, an error on the measurement
is created. If x is the measurement, the real measurement could be in the range x = Ax.

E.g. If a length is measured as 10.3 cm. corrected to one place
of decimals, this implies a minimum possible length of
10.25 cm and a maximum possible length of 10.34 cm.

z = Az

y = Ay
If the measurement is arca or volume, cach dimension will have

. . —+
a similar range. x *+ Ax

.( Example 1 )

>

Find the volume of the truncated cone shown
(a frustum) correct to 1 place of decimals.

Adem

\[ =Lmek
Cohe. 3

L=b1% =24
barp e R=6

(>

Scole fackon =
X(ﬁ) = X4¢

2
I = 2x+I6
X =6
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{ Example 2 )

A company makes ball bearings (spheres) for a machine with a diameter of 12 mm.
They claim that they are produced to an accuracy of +=0.02 mm.
Find the largest and smallest ball bearing volumes produced.

Find the percentage error on (i) the diameter (ii) the volume.

Dlﬁ'haﬂﬂfﬂ e = ,Q‘ 0% M
-(Tﬁ R, = 60

\/=

C\+

o5 £ RRol

= ERRR X | oo
\ ng"\t h

Exercise 6.3

1. Examine each of the following shapes closely and

(i) by drawing a suitable net of each, calculate the total area correct to one
place of decimals

(ii) find the volume of each shape correct to one place of decimals.

(a)
' 1.3m
Lt D 9%
= = 0.8m
|3h | O-fn (3 | O8m
In
W Net
(3~

heea= 2 (8BR+8) | A

1\

2 ( 3)(0-8) +(2)(1-3) +(2)(0-2)
623 = 63 at (Vdp)

\

V=LBH V= (1-3X2X0o-%)
2:082 21 wd (] AP)

I
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Exercise 6.3
1. Examine each of the following shapes closely and

(i) by drawing a suitable net of each, calculate the total area correct to one
place of decimals

(ii) find the volume of each shape correct to one place of decimals.

(b) -

Y
£X —
2.5m ' .2'»\

2m

A; LB Arca = ii‘ec‘\’av\alns + j—"'r;ahg(xs'

[ =% dosnC = (D) 2(L (25
= Qb = Gont

Volure oFﬁi:h. Volure = Aver of N X heiglt

=Ah k(2x2)Sinbo” X 2.8
= §-33 = 4+3 n?

\!

\

Exercise 6.3
1. Examine each of the following shapes closely and

(i) by drawing a suitable net of each, calculate the total area correct to one
place of decimals

(ii) find the volume of each shape correct to one place of decimals.

(©)

40mm

74'430 = ‘l"l'rian1a5
A= Sabsinc - ¥ (L )C4oX40) Sin b

= 23128 ® 23F 3 mut

Tethrakedion Volume = 13‘4[1

/J

Aver Base
4 _b X . 4o
SihA ~ SinB Sm3> Sl

ﬂk h*= 40*-2241* S |\ = 22F

\/olun., ? V=& (5 040)0)Sinto)(329) = 15415 mud
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Exercise 6.3
1.

Examine each of the following shapes closely and

(i) by drawing a suitable net of each, calculate the total area correct to one
place of decimals

(ii) find the volume of each shape correct to one place of decimals.

Dam

Heea

= l}s7u4r.qs + Z,OAfJawevfd"J
¢(I0)* + 2(1o)%)

= §to cpt

\I

PFIISIM \/0[%5 =A/\ VD{““'-C = Afu Maﬂ(l?fdh X MW
= (oX3)x 10

= YOb C)M',

Exercise 6.3
1.

Examine each of the following shapes closely and
(i) by drawing a suitable net of each, calculate the total area correct to one
place of decimals

(ii) find the volume of each shape correct to one place of decimals.

(e) ,DCM
“. 10cm 3

. emt
12em

feea = b triavgls + Squate

=0t €

—n— L=gc-

Heca = q(@)) + (12)Y =240 o
heif\{' of Pyromid ? #

0 Sn¥s” = x’n. ﬂ“ #2=122-95"
f X= (2S5 = @4, TS #2835 am
z

V=4 (12)35) =#08 ot

=
I
PIF




Area and Volume Section 6.3 Solutions

Exercise 6.3

1. Examine each of the following shapes closely and
(i) by drawing a suitable net of each, calculate the total area correct to one
place of decimals
(ii) find the volume of each shape correct to one place of decimals.

€y
: 20cm
,X;Ji e
7cm
=Y ab sinC
Azlab Sih

Prisun Volune = Ak

A/é"o

(——

4 L Area
N : | = 5%um§
tt o 1.1 + & recfongles
+l+f;dhﬂl.ns
:7?0-4
Aea = 3(3)* + Y4 (20X3) +2(FNF)Sinko
= 3232 cm*
/= Area Side with fe:.tﬁ:.%t andl -l'ﬁmgd, widh

[@oXF)+ 43X sin &o*] X7

(1285 o3

In a woodwork class, the students were asked to list in order’ from largest to smallest,
the (i) volume (ii) total surface area of each of the following 3-dimensional objects, each

answer given correct to the nearest whole number.
Make two separate lists for (i) the areas (ii) the volumes, each arranged in

descending order.

(i) Volumes?

nearest
whole

number

hs,SE"- =24

3mm

V> %"T# h={%-10' = 208
=%(3'”’xl°r V= L Lor*h V:TrRZL:
, X GV me) | - CHSHD
=483 m ~ :m.o et = 337 o
@

V= %‘“’é V= 'Lfrgs (Zjn]m
= %"'HH-YIS)! = %{1.,!,.)02‘3 SR
% F0LS mud % (867 mad =i“ G
22 3235 mnd®
(2) / 12mm l 16 mm . I14mm
\/'J:“‘k V=hh
=3 4XIoF(29) =[‘z'(nxu>](u) (24
21256 mnd = 1056 mod = |44

March 25, 2013
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2. In a woodwork class, the students were asked to list in order from largest to smallest,
the (i) volume (ii) total surface arca of each of the following 3-dimensional objects, each
answer given correct to the nearest whole number.

Make two separate lists for (i) the areas (ii) the volumes, each arranged in
descending order.

@ ) Comm © 3mm
(i) Total Surface Area? m @me
|
e Gme* Ta=mRE+TE | o gl b dng®
nearest = lf(z .M'X|D)'- = (2141032 (a0} = Jre(nte)
whole
number £ 1256 " I8k mw* =2(3‘“'XSX|2+3)
3 283 pad
(@ -a © ' N
_m-‘-_‘ﬂ'_‘_l -O-Trﬂl _m Wt =24 mm
ry = 4mi , 2frd
=3me*= 36w Z 3 ] L [Br= ) 4im+ 200k
& 2120 mu? = 3mR" =3(318)12) T 20k
=% 1356 mm*> :Z-Mam o
@ o) '(;)N% ot
2 < T h o i 14mm
oWy 25 ” -
h={204 15 2%
sk = Bl + MRL+ R? Tk = Ce+Bib+Lib+2 TS = Afen of © Sicdss
% 2 Z ’-%] .,@,),M),,.‘H,[@?uﬂ

(002D, AV 1 (pe) | S(ROVHKDHNO+0x) | W o
2 z 2 =092 mal nm
= %05 mnt

3. This model of a skip is used by a recycling company.
(i) Find the volume of the skip, correct to two
places of decimals.
(ii) The company offers a “volume pick-up’ at
€80 per m? or a ‘weight pick-up” at €30 per
100 kg, assuming a full skip weighs
1.3 tonnes. Which option represents the
best “value for money™ for the customer?

) Prism 4

I*6

V=ph Az (axb )b = (25)0-B(-2)=2-4L
- PR

V="Ah = 2:46 () =492 »*

(i opont | Cogt of €B0 par ni opbon?
Cos¢ = Bo(49z) = +£393-60

option 2 I'3 TomeS = 2 X 100D k} = I‘%OO k}
'fm:loook} = [2 xlvo k

£ oo ke cuis €30
3 cost =l B (r0) = €390-00 v REsT WL
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(iii) Write an equation for the volume of the skip
in terms of a, A, w and 6.

V= Ah V= Area 4 trapezium X w

X=71 fon & = X/
S X = htanl

/4‘ (%’)“ \/ = }:(a.-\- a+L‘+m.9Jk} W

V = L.o( a*+ L\+m.19)

2

(iv) The recycling company wants to redesign the skip with a new angle @ = 45°,
If the width, height and overall volume must remain the same in order to fit on the

truck, find, correct to one place of decimals, the new dimensions of the top and the
bottom of the skip.

.,2 7

’ A,'R
2 &-—r:—
H 92 wd 2

4s sl

A\

W=
I
V
o

\

—

2

V= Im( a"*A-f'auB) 492 = aﬂz) [07'4— .’H’at.q-gj

y=
b9z = |-2 [a"-t—.’l]

=2 ) = a%+2
-2 2.1 = a*
a= 21 = 449 = 14 m
Bottom a= | -4 m
Top

a+,'2- = 24 Y
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4. The net of a 3D figure is shown in the diagram.

Both triangles are isosceles and congruent.

(i) Calculate the length of the side x cm.

(ii) Draw a sketch of the 3D figure and name it.

(iii) Calculate its volume.

(iv) Design a trapezoidal prism with the same volume.

X7
P 5‘”4&’7)%

Iz
— 33—
Ben
3D Sketel.
Hs & Pasm £
V=4 V= [(g)g)}%
2

5. (i) A student in a woodwork class is asked to

fashion the largest sphere possible from the
cube opposite. What volume of wood must

be chipped away?
(i1) The student is then asked to calculate the
volume of the smallest sphere that can

enclose the cube fully.

U$ LBY ID? =

5 cn

|0c>c

March 25, 2013

3cm <2 cm

X C -

8cm

xl= 21+ I_gz

X =25 +Is* = 2§ em

\

V'—’[U_*_?-)(z)lz
2

= 2% on®

10em

V=

% (z14)(5)
2

= 523+% ol

Volume chipped away = Volume Cube - Volume Sphere

V= looo —E223 22 42F6+F cn?

Mh? Diameter of enclosing sphere = diagonal of cube.
sphete "7 y\ - D = |p"rot et
D= 2ees
e D= fteee = 0
Radius , R = S0
\/z £e?
? V= b (au)5@Y = 24393 o
2

10
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6. A water tank, in the shape of a cuboid(rectangular solid), 1m
is full of water. Water is drained from the tank at a rate GEn
of 8 litres per minute.
The dimensions of the tank are given to the nearest 10em. 1.3m
The rate at which the water is drained from the tank is

given to the nearest 0.5 litres per minute.
Calculate, correct to the nearest minute, I_l/ LI/

(i) the shortest time possible to drain the tank
(ii) the longest time possible to drain the tank.

Fuumk Vm"" ({)(13)1_{5') = [+95 ™
U=LBh
(thea?
# note: 4o tee 4 | 3 = |60 G000 o

neayesSt 05 (rtres ,”\3 I 200 A"'w
means +0:25 lires o 2 l°7$h3 = |40 Litnes

| Utre = looo cpt’ (mL)

shortest time? || Rate of flow = {4 -0 = €-28 I,/Mn.
Time = (450 /Q-2( = 23 minctes

longest time? | Rate of flow= € -0-25 = 435 Z/\M.’y\
Time = (950 /235 = 252 ninukes

7. The pyramid shown opposite has a rectangular base. X
The point X is directly above the midpoint of the base.

I4cm
(i) Find the volume of the pyramid.
(ii) Draw two different possible nets of the
pyramid and hence (using onec of them)
find the total external surface area Isom

of the pyramid.
10cm

\}—;%A’I/\ Vs J,_,:[(IO)(IS')] % = F00 (nd

19

Swfaaz afeo. = ‘l"f'r}an#es + Fcof’wu}b,
= 21(! &_}r'_s')}r 2[03)_2(—19)] + (10)(5)

= 500
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8. A steel support is to be made from a rectangular

block of metal 4 cm thick, as shown.

If a quarter-circle is removed, calculate the
total surface arca and the total volume of the

supportt.

Area

Volume prism = Ah

v: (lOS‘?‘X‘l’)

March 25, 2013

- | 8cm—>>

-.4(:[11

20cm
(A quarter-circle removed)

|

(2oX2 ) - (3.1%)(12)*

10S-F om?

R

~ Y22-6 qus

9. Ifx, y, and z represent lengths, and 77 and @ are numbers with no dimensions,
state whether each of the following formulae represents

Area

(¢) axz

Area
(2-dimensional)

(e) axy + 7az

Area
(2-dimensional)

(g) axyz

Volume
(3-dimensional)

(a) mmx? + 2+ w22

(2-dimensional)

(b) ax + vy

Length
(1-dimensional)

(d) awmy
Length
(1-dimensional)

(f) ax + xy
Area
(2-dimensional)

(h) x%y +y?z +z3%x

Volume

(3-dimensional)

12
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If A represents area, V represents volume, and x, v, z are lengths, which of these

formulae are consistent, and which are inconsistent, in terms of dimensions?
Explain your answers.

(i) Ax = z°

. v
11 X = —/—

. (ii) Ay

consistent inconsistent

3-dimensional 1-dimensional
= 3-dimensional 2z 0-dimensional

(iii) V =

= xy + z (iv) A =x? + y2+ z2

inconsistent

consistent
3-dimensional

2-dimensional
¢ 2-dimensional = 2-dimensional

(V) V=A(x+y+2) vi) A=Y +y
consistent consistent

3-dimensional 2-dimensional
= 3-dimensional

= 2-dimensional

(vil) x=v + z

consistent
1-dimensional = 1-dimensional

11. The formula for the volume of a pyramid is

V = 3(base area) X< perpendicular height.

(i) For the square-based pyramid opposite, find
the volume in terms of a and /.

Find the volume of a pyramid if the length of the
base is 6 cm and the height is 7 ecm.

V = 5 (oase area) X pacpondiclar beight

V=% a*h

a=L cn

V= L()E) = $4 o
h =3 om 3

13
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(i1) Amnother square-based pyramid has a base length
of 5cm and a volume of 100 em?.
Find its perpendicular height.
Hence, and by drawing its net, find the total surface area.

a=5w
\(:%O{Lb\ I,\-_:7

V = (0D ¢m’

> Wo=%5GE)Yh

[oo = 25 L
2

I S(wo) = 12em

——

25

\\

(iii) The pyramid shown opposite has been cut from
a square-based pyramid. Find its volume in terms
of m. Describe this pyramid. Draw its net and find
its total surface area in terms of m.

Full pyre mid This shape has 1/2 the volume of a
square based pyramid with:
\{: ‘&3’ 0{2' }/\ height = m and Base = m

—.-:..L )hAzw\ = M3
>V 1['3' ] A

Net %

XL = m + (w_S}_Y
PJ+G?°M$ =

AR
= mi2

bt (M= (2)" = 2m* - mt =3FIm* 3 h=hb
4

loca = Utriongls

=8

% 2

Atea= L mxm) +2[5(mB)m)] + 4 (mad0m)

= Ji‘_w\" r 2@ m o 2 m‘] = 3-85 m*

14
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12. (i) A solid sphere just fits into a cubical box, as shown.
If the edge of the box is 14 cm in length, and taking
T = 27—2 find
(a) the volume of the box in cm?
(b) the volume of the sphere in cm?
(c) the percentage of space not occupied by
the sphere.
Give vour answer correct to the nearest integer.

\=LBH @ V= I = 2344 cnd

14cm

V=twe® | V= %(2.;)(1—) = 143#L o
R=%F cm

@ | % fre spe?
ﬂmwntﬁaspw- = Voux — Keners

Veew = 2744— 423 = 13002 ok

% Fes Spac. = (o063 Xloo =~ 4§ %
2344

(ii) The same solid sphere fits exactly inside a cylinder.
Determine if the percentage of unoccupied space in the cylinder is greater or less
than the space unoccupied in the cubical box.

S G’
feteh ' e R= % cm

v Lindey = TTR"h

Y

Vs#m= b et Vogioer = )(?) (4) = 2156 oo
3

= E(2)B® = W8 o
3

Xy
e

Comspuce = RIS6-1432% = 3%
%-FMCPaa_ = ‘-'H?-Exlon ~ 33%

2156

% ‘H\:IS i lﬂ H\M 48 % uuoc‘urhd
(TN




Area and Volume Section 6.3 Solutions March 25, 2013

13. Find, correct to 1 place of decimals, the volume of

this rubber stopper.

\(Sﬁvﬂu = Vlﬂql. Cole gmacau.

| F - btk
h = 7 ¢ ? E T
similar triangles 3 > Fa= 2L+)L)
k TFh = [¥+3hL
=13
h=4a/2

Vesne. = é Te*h

"fr‘“{““*’* == Vinege = 5B 2) =531 e

k=%
Smedl Cove [::"s’z Vorr = J-_; Ea-}xg-x%-) o 424 o3

Gogoe = 531 4224 = #6-6 o
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