Proofs

The following are the proofs that must be learned off by heart for Higher Level Maths. Whilst some of them can
be worked out you are better off knowing them really well so that they will be easy marks on the day and free
up time elsewhere.

As well as knowing them off by heart you need to know how to use them as they can be asked in other ways
other than a straight proof recitation.

Complex Numbers

e De Moivre’s Theorem
e De Moivre’s Theorem to Prove Trigonometric Identities

Differentiation

e 1stPrinciples - x?
e 1stPrinciples - x3

e 1stPrinciples - vx

e 1stPrinciples - %

e 1stPrinciples - cos x
e 1stPrinciples - sinx
e General Rule

e Sum Rule

e Product Rule

¢ Quotient Rule

Integration

e Volume of Cone
e Volume of Sphere

Proof By Contradiction

e Proofthat+/2 isirrational
Trigonometry

o cos?A+sin?A=1
a b c

* sinA - sinB - %

e b%2=a?+c%?-2accosB

o cos(A—B) =cosAcosB +sinAsinB
e cos(A+ B) =cosAcosB —sinAsinB
e cos2A =cos*?A—sin?A

o sin(A+ B) =sinAcosB + cosAsinB

tan A+tanB
* tan(A + B) - 1-tanAtanB







Complex Numbers

De Moivre’s Theorm

(cos O +isin@)" = cosn6 + isinnb

Proof by Induction
1. Showtrueforn=1
Proof (cos @ + isin)! = cos 16 + isin 16
This is obviously true.
2. Assume true forn =k
Assume (cos 6 + isin0)* = cos k6 + i sin k@
3. Provetrueforn=k+1
Prove (cos @ + isin8)**! = cos(k + 1)6 + isin(k + 1)8
Proof:
(cosB +isin0)**! = (cos + isinB)*(cos O + isinH)?*

= (cos kO + isinkf)(cos B + isinh)

= (cos k6 cos 6 — sin k@ sin 8) + i(sin k6 cos 6 + cos k6 sin 9)

= cos(k6 + 0) + isin(k6 + 0)
=cos(k+1)0 +isin(k+1)6
Therefore it is true forn = ktruefron =k + 1

Sotrueforn =1landn =k + 1trueforalln € N

De Moivre for Negative Integers
z=-cosfO +isinf

Prove thatz™™ = cosn@ — i sinn@

z™ = cosnb +isinnb

1 1

- (cos@ +isind)"

z7" =(cosf +isinf)™"
z™" = cos(—n@) + i sin(—nbh)

z ™ = cosnb —isinnd




De Moivre’s Theorem to Prove Trigonometric Identities

We can use De Moivre to prove trigonometric identities by expressing cos nf and sinnf as
polynomials in cos 8 and sin 8

Example 1 -

Using De Moivre’s Theorem prove that cos360 = 4c0s36 — 3cos8
Solution

De Moivre’s Theorem (cos6 + isinf)™ = cos n@ + isin nf

Therefore by De Moivre’s Theorem
cos360 + isin30 = (cosH + isinf)>3

Binomial Expansion (or multiply out long way)

c0s36 + isin30 = cos30 + 3cos?0(isinB) + 3cosO(i%sin?0) + i3sin30
cos360 + isin30 = cos30 + 3cos?0(isinB) — 3cosfsin?0 — isin36
R I R I R I

Equating Real Parts

cos30 = cos30 — 3cosOsin?0
cos360 = cos30 — 3cos0(1 — cos?0)
cos308 = cos360 — 3cosO + 3cos36
cos38 = 4cos30 — 3cosb




Differentiation

1st principles

f(x) =x?
f(x+h) = (x+ h)?

fx+h)—f(x) = (x+h)* —x?

fx+h)—f(x) =x%+2xh + h? — x?

f(x+h)— f(x) = 2xh + h?

[t —fC)_,

fx) =x°

flx+h)=(x+h)3

fle+h)—fx) =(x+h)>—x°
flx+h)—f(x) =x%+3x2h + 3xh? + h3 —x3
f(x+h)—f(x) =3x?h+ 3xh? + h3

feeth) ~ ) = 3x?% 4+ 3xh + h?

h h
LGN ) LA —f@
h—0 h h—0 h
_1 fx) = Vx
feo) =
1 fx+h)=Vvx+h
f(x+h)=—h
x+ fx+h) —f(x) =Vx+h—+x
1 1
fOe+h) =) = ———= Ny N
x+h =
x FOrth) = f0) = VrF R =V X e
faet ) =) =T D .  x+h-x
. AN T
fix+h) - f(x)_m et ) FO) h
X —fx) =—=
fa+h) —fG) -1 Vet htVx
h T x2+h
G/ 1 fa+m—fG) 1
e h x h VxRt Vx

L e —f@ 1 1
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f(x) =sinx
f(x+ h) =sin(x + h)

f(x+h) — f(x) =sin(x + h) —sinx

fx+h)—f(x)= 2C05(x+:+x)sin(

f(x+h)—f(x)=2cos (2x2+ h) sin (g)

Focth) = £y _ 2eos (B sin (3)
h h

FOet ) — F &) 2 + ysin (3)
= 2eos (T ),

sin (g)

fx+h)—f(x) _ 2cos<2x+h)

h R
2

m
h—-0 h

y fx+h)—f(x) =2cos(2—x).1

= COoSXx

x+h—x
)
1 f(x) = cosx
2 f(x+h) =cos(x + h)

f(x+h)— f(x) = cos(x +h) —cosx

XxX+h—x

f(x+h)—f(x) = —25in(x+:+x)sin(

f(x+h)—f(x) =—2sin <2x il h) sin (g)

2
Fatm - —2sin(ZF)sin(3)
h - h
faAn) £ 2x+hysin(})
= —2sin (T )

FaA—FGa) . 2xthysin(3)
)10 ity
2

G —fO)
m =
h—-0 h

= —sinx

2

)




General Rule

If y = x™ prove that% = nxn1
Proof by induction

Prove for n = 1 using 1% Principles
fx)=x

fx+h)=x+h

fx+h) —fx)=x+h—x
fx+h) —f(x)=h

fG+)—fG)
) _

R ACR Oy CON
m =

h—0 h

1

1

Assume true forn = k

_ K ay _ 5. k-1
y = x" prove that ol kx
Proveforn =k +1

y = x**1 then % = (k + Dx*

y = xk*t1 = x, xk

Use product rule

d
Y 1.x% + x. kxk1
dx

= xK + kxk
= (k + 1)xk

True forn = 1, proven true forn = k + 1 then true in general

Sum Rule

f(x) = ulx) +v(x)

Flx+h) =ulx+h) +v(x+h)

flx+h)—f(x) =ux+h) +vx+h) — (uk) +v)
f(x+h)—f(x)=ulx+h) —ulkx)+vx+h)—vx)

fx+h)—f(x) ulx+h)—ulx)+vlx+h)—v(x)

h

h

h

d
—y=lim

fx+h)—f(x) _u(x+h)—u(x)+v(x+h)—v(x)

Gt~ fG)_du dv

h h

dx h-o0

dx dx




Product Rule
f(x) = ulx)v(x)

Fex+h) = ux +h)v(x +h)

Fee+h) = () = ulx + Wv(x + k) —u(x)v(x)

Fer+h) — £F(x) = ulx + Wv(x + k) —u()v(x + h) + u@)vlx + h) — u(@)v(x)
FOe+h) — £ =v0x + h)ulx + h) — u@)] + u@) v + h) — v(x)]

fx+h)—f(x)  vlx+h)[ulx+h) —ulx)] +u)[vix +h) —v(x)]

h h

fx+h)—f(x) — v(x+h) ulx +h) —ulx) +u) v(x + h) —v(x)
h h h

dy . flx+h)—f(x) du dv

Frie Ll_r)r(l) . = v(x)a+u(x)a

Quotient Rule

fo =25
u(x + h)

foe+h) =30Tm

ul(x+h) ulx)

f(x+h)_f(x)=v(x+h)_v(x)

ulx + hv(x) —ulx)v(x + h)

fle+h) = fl0) = v(x + h)v(x)

ulx + hv(x) —u@)vx) + u(x)v(x) —ulx)v(x + h)

f(x+h)—f(x)= v(x + h)v(x)

Flt ) f) = SO+ ) —u@] —u@lve + P — v

v(x + h)v(x)
flath)— flry 22N+ —u@)] CuG)vix+h) —vix)]
§ ) v(x + h)v(x)

u(x+h)—ulkx) v(x + h) —v(x)
h

fx+h)—f(x) v(x) u(x) 7
h h v(x + h)v(x)

du dv
dy_l_ f(x+h)—f(x)_v(x)a_u(x)a
dx  nso h = V200




Integration

o . .1
Prove using integration methods that the volume of a cone is 3 nr’h

pth.r)

h .2
V,=m ﬁxzdx
0
2 J-h
=— | x?%dx
X hz 0
r? [x3
= |3
v = nr2[(R)®  (0)3
¥ h2| 3 3
nr? [h3
=T |3
1
V, = =nr?h




o . . 4
Prove using integration methods that the volume of a sphere is 3 nr3

ax

A circle centre (0,0) is given by x2 + y? = r?

b
Vznf y2dx
a

Find the volume of half a circle from O tor

y2 =72 — x2

.
V= nj (r? —x¥)dx
0

3
V=r2(r)—(7;)_)3_r2(0)+((;_)3
vzrs_g
V=§m”3
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Proof v/2 is irrational

Proof that /2 is irrational, that it cannot be written Z where p and q are integers.

Suppose that /2 is irrational, that it can be written as a fraction s where p and q are integers.

Square both sides

Multiply both sides by g2

If p2 = 2g?, then we know we have reached a contradiction.
So 2 is a factor of p?

The argument is correct, so the assumption on which it was based must be false.

Hence V2 cannot be written as a fraction % where p and q are integers.
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Construct V2 1'

Let the line segment AB be of length 1 unit.

A B

L

Construct a line m perpendicular to [AB] at B.

3. Construct a circle with centre B and radius [AB].
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4. Mark the intersection, C, of the circle and m

5. Draw the line segment CA.
c |AC| = V2
A

/
a \
+—. Illl \lll
Al B | + |
\ / A I". |B |
A\ / /
\ N\ /
\\\“'\-\-\. /// \\\_ __.//
—— ——

[ : | o | ¢ it.
Construct v3 Let the line segment AB be of length 1 unit

—

A B
2. Construct a circle with centre A and radius 3. Construct a circle with centre B and radius
length |AB|. length |AB|.
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4. Mark the intersection of the two circles as C 5. Draw the line segment [CD].
and D. |CD| = V3
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