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{ Example 1 )

‘Write down the first four terms of each of the following sequences:

() T,=n>+n (ii) 7, =2" — 3n

(i) Tu=n*+n

T =ay+0) =2
=0+ =L
Te= 3Y %2 = (2
Te = (W)*+ ¢ =20

@|Ta=2"-3n

T|"j-"’3(\)""l
T1. = 2‘/3(1«) '/—'2_
1:3 = 23/3(‘5) = -]
Ty = 1*-—'5(‘?)6 Us




Sequence and Series Lesson 6 March 14, 2013

(Example 2 )

The following rectangular patterns are made from two sets of coloured tiles.

(i) Draw the next two patterns of tiles.,”
(ii) Write a number sequence for the blue tiles used in each of these patterns™
(iii) Write a nu&ber sequence for the total number of tiles used in each of these
patterns.
(iv) Write a number sequence for the white tiles used in each of these patterns™”
(v) Write out the next 3 terms in each sequence found in (ii), (iii), (iv).

(0

O |Bue: 0,2,b,12 20,30 k2 56
(D (| Mitls: b, 12, 20,30 42 56,7290
@ | Whitefils : b o 14,1%,22, Zc, 8o By

Exercise 4.1

1. Write down the next three terms of each of the following sequences:

aithmetic  +b  AG) |6, 12, 18, 24, ... 30,36 4L
(i) |7 12, 17 22, ...
(iii) | 4.7, 5.9, 71, 8.3, ...

= fiv)|2, —1, —4, —7, ... =0, 13 - b
2, 3,6, 11, 18, 27 ...

arithmetic

arithmetic -8 (vi)[78, 70, 62, 54, ... 46, 3%, 30
(vii) |10, 5, 0, —5, —10, ...
(viii) | —64, —55, —46, —37 ...
(ix) |2, 6, 18, ...
quadratic -rq;g-g,-m(’f)’ 2, 6, 12, 20,... % 42 ,SL
arithmetic -k (xi)]2, %, —
(xii) |1, 2, 4, 7 11, ...

3 1.4 _g

4 4 "/q h v -

1 ¢
et +y5p, D0, 3. 8,15, 24, 55,48, 03

3

1

2

-\

geometric  xm (XiV)V N _6, 12, _243 e ‘l-g, ‘1b, l1)—

1 1 1
(XV) 6 12° 207"
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2. Find the first four terms of the following sequences, given the nth term (7)) in each case.

() T,=4n — 2 (iv) 7T,,= (n + 3)(n + 1) (vii) 7, =27
(i) 7, = (n + 1)? V) T,=n"—1 (viii) 7, = (—3)"
(iii) 7, =n®> — 2n i) T,= "5 (ix) T,=n2"
@ G Th=tu-2 W T, = (n-l— 1y
T= %)-2 =2 T"(|+|)‘=‘+
= %2 =¢ To = (2+1)" =9
Tr=U6)yr =0 T = (2+) = b
Te= 4(¥)2 = Il{‘«/ Te = (y4))*= 25
G || Ta= n*-2n @ Tw=n+3)n+)
To=ay-2t) = - T, = G42)axn) =¢
Ta = @y 2(2) %o T “(z)(z+1)= 15
= eY-2(0= ¢ R =) an) = 2y
Te = (W2(4) = 3 / Te <(443)4 +1)= 3g/
W | Tu= 1 - ) Tw= n/Cn+2)
Ti=ov-1 = 6 D= ey =1
T.= (Y- -3 T = 2)C2+42) = Y2
R= @y-1 = 7¢ R = 3)Gi+2) =3k
Te=(ef-1 =63 v/ = 4uchany = 23 /

2. Find the first four terms of the following sequences, given the sth term (7)) in each case.

() T,=4n —2 (iv) T,= (n+ 3)n + 1) (vii) T, =27
(i) 7, = (n + 1) V) T,=n>—1 (viii) 7, = (—3)"
(iii) 7, = n> — 2n (vi) T, = Ti_i (ix) 7T, = n.2"
@ o) Ta= 20 @id Ta = (-3)°
T=2 =2 = (- =-3
T= 2 =>¢ = (-3 = 1
h= 2 =3 = (-3) = 2%
Te= 2' = | Ty = ~3)f =91
| Tw=n.2"
T, = O 52\ = 2
T = (7_)2:L =93
= (3) 2° = 2%

Te= (4> = Ly /
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Arithmetic Sequence

T, . T \n 'Ty

7 4,6,

! Tt
n el ... n

. 1

‘]'I =1

Covnon dhffenence = 41

S o s
Voww

A\

Tpe 7 7+ 14()

Tqq 27 2+ 8(2)

T, =7 Tu 7 2+ (n) 2
Fothaula Twz at (n-1) d

N\

March 14, 2013

{ Example1 )
Find the nth term (77,) of the arithmetic sequence:
-2, 3, 8 13, .....
and hence find (i) Ty (i) 75 (ii1) T5y — Ty

oathid | G-z des
W= I T,,\;—’u(m—n)g
= -1+ Snu-g5
Tu= “F+Su
n=4° )| Top = =¥+ S(20) = 93
(| T, = -Fts)= 93

(i Tz - T/Lo =g
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Exercise 4.2
1. Find 7, .the nth term of the following arithmetic sequences.

Hence find 75, for each sequence.
(i) 8, 13, 18, 23, ... (ii) 16, 36, 56, 76, ... (iii) 10, 7 4, 1, ...

O a=8% d=5

Taza+(n-1)d

w2t | Ton = 24S(R) = )12

(i) | a=1b ol=20

Th = lL + (l’\-—{)lo
= (b + 20 —20

TV\" 20.,,/'4'
el T, = 20(22)—¢ = k3L

Exercise 4.2
1. Find 7,,, the nth term of the following arithmetic sequences.

Hence find 75, for each sequence.
(i) 8, 13, 18, 23, ... (ii) 16, 36, 56, 76, ... (i) 10, 7 4, 1, ...

i) o, 3,4 ,1

a=]o d= -3
Th=a+ (1-1)d Th= o+ (n=1)(-3) = (o -2n+3
T’\’ r& - }v\

n=1 T = 12-3(2) = -52 »
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3. Find the number of terms in each of the following arithmetic sequences:

() —5, —1,3, 7 ......75 (i) 2,5, 8, 11,......59 (iii) —%! —1. —%, O, ...... 14,
)
a:-—g d.:q’ Ty\f_?’g y\:.?
Ta= a+ (V\'\)d 2 K= -‘g-}—(q—t)l}
n=1 =-S5 +¢n-y
K= -G+4,
B = 4n
2l =N
% -1;_| = ?’g
check: ], = -C+ ()¢ = 3§ /
3. Find the number of terms in each of the following arithmetic sequences:
(i) —5, —1,3, 7 ......75 (i) 2,5, 8, 11,......59 (iii) —g, —1, =1, 0,...... 14,
a
n=" a= 2 d= , Tw=619 ] n=7?
Ta= a + (n)d 59=2+(n-1)3
-z 5F=(h-1D3
CHpamd £§F = 3n—-3
+3 tE6 = 3u
3 20 = h
> _r_;_a = 59 /
check: sz = 21+ (’7)2 = 57 J/
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3. Find the number of terms in each of the following arithmetic sequences:
i)y —5. L, 3, 7 ...... 75 (i) 2, 5,8, 11,...... 59 (iii) 5, — 1, f%, O, ...... 14.
)
n=" 3 L
a=-3 ,d=3 , Th=m4 ,n=7
Tee at)d |5 gy = =2 4 (uaYE)
Xz 29 = -3 + (""l)l
+3 2l = he-|
+ | 32 = I
9 T, =4 /
L
check: Ty, = "3’7_ + (3!)( 3—) =4 /

{ Example 2 )

Find the number of terms in the sequence
1, —3, —7 —11,

—251.




Sequence and Series Lesson 6 March 14, 2013

In an arithmetic sequence, 7, = 4 and 7T, = 22. Using simultaneous equations, find
(i) the values of a and d (ii)

4.

the first five terms of the sequence (i) T

-7 (D

' T =a=% /

T = ot 1ol S 22= Y4+ (3-1)d
-4 I8 = 6d

+6 3 =d v/

First 5 Terms 7 €D

4,?—”0,!3,’6 /

Count up in 3's from 4

T ?

simplify rule for Ta Th = Y+ (h-—{) 3

T =t +(|°|)3 =6l s

{ Example 3 )

In an arithmetic sequence, 7, = 6 and 37, = T, find the values of a and 4 and
hence write out the first 6 terms of the sequence.
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( Example 4 )

If p+2,2p + 3 and 5p — 2 are three consccutive terms of an arithmetic
sequence, find the value of p,p € R.

> Given an arithmetic sequence 74, 75, 75, T4, Ts5, ... ... 7T,
75— 7,=T,— Ty = Ts — T, = the common difference (d).
In general terms:
T,,1— T,= d (the common difference).

A corollary to this is as follows:

To prove that a sequence is arithmetic, we must show that 7, ., — 7,, is a constant.
> Also, if T, ., — 7,, = 0, then the sequence is increasing
if 7,,,, — 7, =< 0,then the sequence is decreasing.

Note, to find 7, , |, substitute (n + 1) formin 7,,.
If 7, = 3n + 1,

T,11 =3+ 1)+ 1=3n+ 4.
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(Example 5 )

n+ 1
2

2
n+1

Given (i) 7T, =

(ii) 7, = , determine whether

(a) the sequence is arithmetic or not
(b) the sequence is increasing or decreasing.

Q4usS
] ¥ 24+ 3+ .. . _ +loo
Series 10y + W+ ... ¥+ |
[o] + D1+ .. t/0o|

10
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6. In an arithmetic sequence, 73 = 27 and 75; = 37,. Find expressions in terms of n for
T3, T and 7T, and hence find the values of ¢ and 4.
Write down the first six terms of the sequence.
T,= a+(n-)d To=a+{(r-)d o Tz = a +12d
Te=a+(>-)d > Th=a+c0d
T, = a+(2-0d > T,= a+d
Ty=27 = a+ lzad=2% O
T3 =32 a+rLled =3 (g40)
a+ ¢d= 3a +34 .
3d = 2a 2 d= 3 a @
>0 a+ 12(%a)=2%
a+ %a =2F
Qa = 2% > 4=2 0
@@ d= Zw 2 d=2
7.

(i) If 2k + 2,5k — 3 and 6k are three consecutive terms of an arithmetic sequence,
find the value of k., k € Z.

(ii) Given that 4p, —3 — p and 5p + 16 are three consecutive terms of an arithmetic
sequence, find the value of p, p € 7.

W) T, - Tw=d | > (Br-3)—(2k+2)

!

(6k) — (5k-3)

SKk-% -2k -2 = LK-CK +3
ouswias 3K-§ = Kk+3
at way getd ZK = 8
K =4

Check:  A(4) +72, S(4)-3, L(4)
(o, 1%, 2% ..
TS 1S an arithmetic  Series , d =7
@ > (“3-p—lp) =(Sp+1b) - (~3-p)
—’S-F-‘fpr— §F+I6+Z+p
3 -Sp=bp+ 19
~Hp= 22

p= -2

4(-1) , =3-(-2) , 5+

_8 ,—'16 ?m d.:q’

chack :

11



Sequence and Series Lesson 6

8.
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Shape 2

Three shapes were drawn on a wall.

0

o O

0
00000000

0

Shape 3

March 14, 2013

The second shape was removed accidentally. Given that the shapes were drawn in

arithmetic sequence, draw shape 2. v/

(i) Write a number sequence for the number of circles used in each shape and hence

find 7, for the sequence.
(i1) How many circles are needed for shape 157
(iii) Which shape requires 164 circles?

. | 12, 20,23

Th=a+ (n-1)d Ty = 12+ (n-1)g
TVI= |2+gh—g
q'-l’gh

—
S
\l

@ T = 4 +8(15) =129

w7 (i) b4 = 443 =  [bo =%Bn

The Great Gauss Summation Trick

One of the most famous mathematicians of all times was named Karl Gauss. One day,
as the story goes, his teacher gave the class an assignment to keep them busy so

that he could take a nap in the back of the class. The problem he assigned would

keep most of us busy for at least a half an hour, if not more. However, to his

teacher's surprise, young Mr. Gauss solved it in seconds.

Here is the problem the teacher assigned. Students were told to add all the whole
numbers from one to one hundred. That is, 1+2+3+4+5 ...98+99+100. In less time than
it took most students to write out this one hundred number addition problem, Gauss
got the answer. The sum is 5,050 he told his teacher confidently, and so it was.

But how did he arrive at this answer in so short a time?

Gauss was a genius, and geniuses sometimes see things differently than most of
us non genius types. But that doesn't mean that after being shown the way that
we can not solve a problem like a genius would, having first been shown the way.
Here is how young Gauss arrived at his answer so quickly. He observed that in

the series of numbers 1 +2 + 3 +4 ..97 + 98+ 99 + 100, the sum of pairs of numbers
from each end, and working in toward the middle summed to the same value,101.
In other words, 1 + 100, 2 +99, 3 + 98, 4 + 97 etc. all sum to 101! Since there

are fifty pair of numbers in the series 1 to 100, Gauss reasoned that the sum

of all the numbers would be 50 times 101 or 5,050.

n =20

12
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Exercise 4.3
1. Find S, and S, of each of the following arithmetic sequences:

G) 1+5+9+13+ ... (ii) 50 + 48 + 46 + 44 + ... ..
Gii) 1+ 1.1 + 1.2 + 1.3..... Gv) —7 34+ 1+5+.....

Sn= '—;[2a+(n-—l)al]
M a=l, d=4% | Sp= %[ﬂ(\)-l-(w—l)‘*] =2[2 T

‘-’l_i[_q,,'-—z] = M[ﬂn —l] =2n-n
St = 2(2e)" (s2)=F8o /
Sn= %[ﬂa-k(n—\)d]
@ a=5So ,d=-2 [2(.‘,—,) + (u_,)(_.-z) [loo -Zn +2]
S_‘ = i[lb?-—ﬂh] = V\[gl 'h] = 6ln -n®

Sm= 51(20) - (20)* 620

\|

Exercise 4.3
1. Find S, and S,, of each of the following arithmetic sequences:

G) 1 +5+94 13+ ... (ii) 50 + 48 + 46 + 44 + ...
Gii) 1+ 1.1 + 1.2 + 1.3 ... Gv) —7 —3+1+5+ ...

Sh= %[20«4—(»«1-\)4]
g a= |, =0 Sp= %[j](ﬂ-{- (w—l) (o-\)] = l'5'_[Q+ D-ln—D-l]
= M;[l-“l+0-l] = Qi +n?

20

Oz0 = 14(20) + (20)* _ 14420 = 39
20 /

Sh= %[2a+(n-\)d]
®az-2,d=t | g 2 o0 () @)= 5[ -1t +4n o

So=%[un-8] = wl2n-q] =22~

Sgo = 2(20)* =1 (25) = b2o
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2. Find the sum of each of the following:

(i) 6 + 10 + 14 + 18 + ... 50 (i) 1 +2+3 +4+ ... 100
(i11) 80 + 74 + 68 + 62 ... .. —34
() In these question we first need

to discover which term is the last one.
Th=av-dd | aeb, d=Y% , T.25o0

n="7 > Go= 6L+ (Nn-1)k
Soz L+ Y%u-¢
5o = 2+ 4un

U3 = b,

12 =1

Sa=3l2a+-04)| > S, = %[ML)J«(m—n)q‘]
=Clizrue] = 6[ 58]

2. Find the sum of each of the following:

() 6+ 10 + 14 + 18 + ... 50 Gi)y 1+24+3+4+ .. ... 100
(iii) 80 + 74 + 68 + 62 ..... —34

In these question we first need

to discover which term is the last one.

Ta= a + (n-1)d a=1, o= , T,=Il0D
ne? D o= | + (n-1))
loo = | +un —|

oo = n

Sn= '—;[Qo\-k(n—\)olj SIDD7 \-b;-oLQ.(_() -l—(loo—ﬂ \)
= ‘SOLQ—+°|°I:| P So[wl]

Swo = Sofo

March 14, 2013

14
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2. Find the sum of each of the following:

(i) 6+ 10 + 14 + 18 + ..... 50 Gi) 1 +2+3+4+ ... 100
(iii) 80 + 74 + 68 + 62 ... —34
In these question we first need
to discover which term is the last one.
Tw= a + (n-1)d a=%0, od=-b , T,.=-14
n=?7 | D - = Qo+ (L-1)-L)
“I4 = I0 “Lu+b
—3Y% = %6 " bw
— |20 = — b w
do = wn
Sn= %[Qa-!—(n-\)d] S).D = ?_'_;_LZC%::)-P (%—I)[’L)‘]
= lo [_Ibo *l‘i('l:)_-]
= lo[ o =114 = o[ 4]
sh = bto
3. How many terms of I]I'Ile series 5+ 8 + 11 + 14 + ... must be'added to make a total of 98?
“&w«b««\)ﬂ
=z~ V\
w7 q9 =¢L[;_(g)+(n—\}31

a=5

A= 7/(%);'1/\[(0 t -—Zl

G- 9L = Mi}#@u]

196 = n ¥ 5w

le@ Y, - 96 ="
(2 +28w = )=
JnFR=0 \V\Z/‘l’

,J/b%
"=

15
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4. Given T, = 5 — 3n, write down the first term a, and the common difference d.
Hence find @ -

a1 | T=S5-3()=2 3
T,= §-3(2)=-I
0{; T'L“T\ = -|-22-%

S,ﬁ%,k‘“")‘n do = '{Lz(zﬂ [1o-1 '3)]
* Cle-2]

= S [-22]

2 115

-CExampIe 1 }

Find the sum of the serics@ 18 +25+ ..... + 144.

S' ’,T\ :q

S =15

Tz 1IS-Y =] v
T1 = 81 -’T\

16
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—(Example 2 )

To celebrate the birth of his niece, an uncle offers to open a savings account
with a deposit of €50. He also offers to every year add €10 more than he did the
previous year until his niece is 21 years of age.

(i) Find an expression for §,, the sum of money on deposit after n years.

(ii) Find §,;, the total saved after 21 years.

@

SD ‘\'Qu
| ne) hW=ze

A Example 3 )

Given S, = n? — 4n, find an expression for T, and hence determine if the
sequence 1s arithmetic.

T= $ = (¥-40) =1-4 - ¢
So= 1) - %) = 4-8 =4
T'),'-’ 87_ le = -4 +3=< "{

0 YT
4 A LA

Tz OleDel | T = 34 (w-1)2
Z Tt -2 = S+ 2
Aack Tf} = -9 t2(7) = -5t6=]

17
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-(Example < )

A lighting company is making a sequence of light panels with the number of
bulbs per panel in arithmetic sequence.
For the first 10 panels, 165 bulbs were used.

If the third panel is as shown in the diagram, find a, the first term of the sequence,
and d, the common difference.

O O O
O O O

O O O
3rd panel (9 bulbs)

Hence draw a diagram of the first four panels.

(Example 5 }

(i) Use the sigma notation (3_) to represent 2 + 6 + 10 + 14 + .....

for 45 terms.

i

(ii) For what value of » is 23’ —5=90 7

r=1

8
(iii) Find the value of Z 4r — 1.

2 - “S\‘M"

r=1

Sigma notation explained.

The Sur of He Qest 45 Heans
Is IASIMII’ Lerften  os qu .

But- this can alse be ppiffen in
%iamn weration”

Sgg = g'ﬁ"

=\

His mmeans "He Sum of terms freom
(’,enh I (v=|) up tt tep~ 4T (r=‘r$)

18
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CExampIe 5 }

(i) Use the sigma notation (D) to represent 2 + 6 + 10 + 14 + .....

for 45 terms.

n

(i) For what value of n is ZSr —5=090 ?

r=1

8
(iii) Find the value of Z 4r — 1.
r=1

Tz a+G-1)al ()
a;Z ) d_:'—q'

S'K: rZi:[a-l— (\N\)d] = éj (2"'("")*)
= 2 (244r-4) = 2 by

=\

( Example 5 }

(i) Use the sigma notation (3_) to represent 2 + 6 + 10 + 14 + .....

for 45 terms.

n
(ii) For what value of » is z 3r—5=90 7

r=1

8
(iii) Find the value of Z 4r — 1.

()
change to "normal notation"

Sz 2[204'@—00‘]

Colve quadruﬁa,

r=1

2 @r-5) =20 ae?

r=\

T, = 3n-§ 2T, =30)-5 =-2 =a
T, = 3&)-§ = |

d=To-T, = |42) =2 2 d=3

> qo = %[,2(—2-)4—(»—:)(1]
|8 = n (-—‘I' +2n —-Z)
|0 = n (-':}--I—'}h)
[0 = = Fn +3In*
n* - ¥l — \fo =0
(’lv\-\'ﬂn)(h —'4) =0
nN=-2%1¢% ¢ n=9 v/

19
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(Example 5 }

(i) Use the sigma notation (3_) to represent 2 + 6 + 10 + 14 + .....
for 45 terms.

"
(ii) For what value of 7 is Z 3r—5=90 7
r=1

8
(iii) Find the value of Z 4r — 1.

r=1

W1 Tp=tn-1 2>T=4l)-1 =3
change to "normal notation" TL = Y4 (7_)_‘ =+
> o =4
n==<

=a

Sz ,ﬂ')_a-lr&i—l)ol]

u('/\
8

%[Q_(z)-p (2-0)(4)]
4[4, + 29 = 4 [24]

(36

i\l

Anna saves money each week to buy a printer which costs €190. Her plan is to start with

€10 and to put aside €2 more each week (i.e. €12, €14, etc.) until she has enough money to
buy the printer.

At this rate, how many weeks will it take Anna to save for the printer?

Series = o412 + |4 + ...

a=lo , d=2 ) S. =190 In=.7

So=2Ja0+-d 9o = [ 200) + (w-1) 2]

(a0 = 0] 1o +n-1]
192 = wn [14 4"«]
[40 = qun ¥ u*
Solve TA&ATM'I.C, > n*+9un - 190 =o
(n +19)Xn - 10) =D

"5 m7’|qxlﬂ- n:lD/
—19 weeks
V“lﬂ-ke< o Sﬂ»‘e.’

20
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6. Ewvaluate

Sh= £[2a+®—IM]

6. Evaluate

>

Sum of first

6 terms?

Sz gl?_a-l—@\—l)ol]

(i) i(Sr + 1)
=1

(ii) i (4r — 1) (iii) liu: r
: -7
| S,=
T\ =3+ =Y =4
T, =26L)+1 =3
2 d =73
n =4

S, = 2 24+ (e-1)1]
=3[ %4 (5)3]

= 3‘_?4’!5]
= 3[23] =

%
(i) rz (3r + 1) (ii) SZ (4r — 1) (iii) ui r
(W) g Cavefd |lere -
> (4p-1)

(=0

b Ahis  exawps Ha fiest
Yopm is whe, =0 /
e add 4erms Hl r=F%

> Hat heans 6 tefns.

-

(o) -1

Y4 -
¢ L)-|
n

W

T,
1, =
0{ =
S, = s[2-)+ (c-1)4]
=3[—7_ -l—(s)ﬂ 93]’—14’2‘,]
=3 %]

S‘f/

21

March 14, 2013
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100

6. Evaluate (i) Zr: (3r + 1) (ii) i (4r — 1) (iii) Z r
r=1 r=20 r=1

T= 1 -
T.=22
5| d= |
W = |loo

S«"%[?_d-lr@—l)d] S0 = '3;-’): 20 + (loo-1) 1]
= So]92+aq] = Soiel]

= SoSo J

7.  Write each of the following series in sigma notation.

() 4+8+ 12+ 16 + ..... 124 (i) —10—9L—8—7L+ . ... .4
(iii) 10 + 10.1 + 10.2 + 10.3 + ..._. 50
(i) 4zt , d=% , T,=12¢ , n="
expression for T,
—\— " Th = L“""(V\-—\)q'
h/a*<v|")d — q_ +Ll'|/\'q'
Th = 4
n=" 124 = Yn
n= 3l
series in 2]
sigma notation Yr J/

=1
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7. Write each of the following series in sigma notation.

(G) 4+8+ 12+ 16 + ..... 124 (i) —10—-91—8—7L+.....4
(iii) 10 + 10.1 + 10.2 + 10.3 + ..... 50

o o - J_ 4

(i) a=-lv , d=%5  T.=4% , n=7

expression for T

2
Taz a+(n-)d Ta= —to+ (n-1)3

—_ n
Ta= —lo +2 -%

n
T\'\"lbii*"l, > T, = 2

-Th:q' = n=2!

2
n="7 2 % = -2
292 h
series in 29 2 s
sigma notation T 2
=\

7.  Write each of the following series in sigma notation.

(i) 4 +8+ 12+ 16 + ..... 124 (ii) —10—9%—8—7%+._._.4
(iii) 10 + 10.1 + 10.2 + 103 + ..... 50
(\\l) = - .
expression for T @ = 1o I ol 0 , / Tk =2T0D
Thz a+(n-)d Tp= lo4 (n=t)o0-]
T.= (O + 0:[n - 0
Tw= 949 +0In
Th = ‘lq + 0
D
n=7
_TV\ = qq + U = gD
|o
= 4 + v = Coo
n = Yol
i i Yol
series in a+r
Sigma notation o L/ note: mistake
n=\ in book answer

March 14, 2013
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8. In an arithmetic series, 7, = 15 and S5 = 55.
Find the first five terms of the series.

T,z a+(h-1)d Ty 2z at (4=1)d =15
A+ 4od—Y% =5

Sn= %12a+(n—|)d] Sg = i[?-a + (5-")0(] = 35§

> 5[2a +4d] =llo
= 2a+U4d = 22
Solve G + Lok = 1| @

o-® > 2d4=% 2 4=4 &
Qe > a4 2u)=1
a= |1-% S a=2

First 5

> 3+F+ 1l +15+19 ...

terms

9. The third term of an arithmetic sequence is 18 and the seventh term is 30.
Find the sum of the first 33 terms.

Tz a+(-1)d Ta= a6+ (3-1)d =18
o+ 24 = (8 o)

Solve T?‘ = a+ (3' —’) 0("’31)
A+ Lo =30 (D

O-® = d =12 3 4 =3 ®

Ox(O) > a4+ (=20

A = 3o-1\§¢ = a =12
Sn = %I_:La-y(n—l)d] 533 = E% i_267—) + (23 ")3]

= & [ztr + 16] == [_U.b]

=980
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12. Show that the sum of the natural numbers from 1 to » is % (n + 1) and use the formula
to find thesumot 1 + 2 + 3 + 4 + ... 99,

S, = %[24 + (n-1) d]

[+2%¥2% ....+n

a= | ) A:—I /

Sw = %_[:2(!) + (n-1) l]

Sn = %[2"*"[—\]

n=wn

Su= (n+1)

S.‘q = %CQQ f.—l) = 4950 /

14. In an arithmetic sequence, 75, = 37 and S,;, — 320. Find the sum of the first ten terms.

Ta= a +th-)d

S, = %[la + (n-1) d]

20-@

(©40)

Sa = 2[2a + (-0 d]

Ta, = 3%
D 13 = a~+ (21-\)0

A + 204 =3F 0)

S26 = 220
> 30 = éf_)_a+Czo_\)d]

32 = Za +19d @

D 2L +40d = FY¢
= —(1d =22

21 o =62

> d= 3
2 Q4+ 20 (2)=3F = a=-3

S = 2[2(-9) + (10-1)2]
=s[-t+18) =g = L0

25
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) nla + 1) . R A . )
15. Show that §, = — s s the sum to n terms of an arithmetic sequence where [ is
the last term.

T, = a+ (n-1)d

Sh

\

—2—_[2& + CIL-—Oo{]
n Lﬂ + ( a + Cn.’l) o()}

\)

{l

N a+l
:2_'[. ] v

16.

Explain why S (the sum to infinity) for an arithmetic sequence cannot be found.

Sh = %[Za ‘l‘(n-—l)d]

" S = =) PP (oé-;)o(]//

this is PL,LQR_ML"'IC

be_cauA@.
O/, majes He  Sehse
as  Aves C.b_\)
ar  does  fob_\) A
ke .-

'-'$ o Suwm you oo oun
2ok Yer m oue s
is  not He cage in S,

26
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)4 %Mf)tﬂo Seies has & ‘Common yetio!,
(= Common ratio
X1 X2

In & Wﬁl&, Series

(= Comnon ratio Tn = A& Comstenk ) r

T

Section 4.4 Geometric sequences

A geometric sequence is formed when each term of the sequence is obtained by multiplying

the previous term by a fixed amount.

For example, 2. _-6, 13%, 54, ..... each term increasing by a factor of 3.
X3 X3 X3
4, 2. 1. % ...... each term decreasing by a factor of %

For any geomelric sequence, the first term is denoted by a and the ratio between consecutive
terms is r (called the common ratio); then every geometric sequence can be represented by

it +r +r +r

[ A S A S — —
7. 7. 7. 7,. Ts. ... T,
a, ar, ar?, ar?, art, ... ar” !

In every geometric

sequence:
T] =
T
’5 T] = Fr
T, = art—1
7-n+]

=r

T,
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-( Example 1 )

Find 7, and 7,, of the geometric sequence 1, %, - !

n-| T AN
T =ar a= | = (;;) - b
nh—I
ho= L6)™ = &
T, - ,L%.q_ -

Lb X144

Example 2 )

In a geometric sequence, 753 = 32 and T = 4.

Find a and » and hence write down the first six terms of the sequence

T,=ar®” art=21 art=4 (&

SDLUE

0glo 2)f‘=‘f

\l

_ﬂ
\l
wJ
Al \
(1
o \-

/'36) G = 3z = |28

28
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(fExan1pha3 j)

3,x,x +6,...
Find
(i) the value of x

Rahio
X x
foschpe S

Sequ,u;
TV\" o

)

are the first three terms of a geometric sequence of positive terms.

e ——

(i1) the tenth term of the sequence.

2 , X X +b
a ar ar™

f= X = X+4¢b
3 X

V2 = Ix+1%

X¥=- 3 =g = o

(XeYK - L) =0
Xz =7} O 6

= = §> ¢'b =
X b F—-_3 /'<§ =z 2
3, LJJL_..
To= 32" 218306

{:Exarnpﬂeia )

The product of the first three terms of a gecometric sequence is 216 and their
sum is 21. Given that the common ratio r is less than 1, find the first three terms of

the sequence.

let terms =

PRODUCT

sum

(‘ = |
sequence

a4, ar, ar,. ...
(@)ar )(ar™) = 216
(ary® =26 2 ar =326 =L

2 r=26la (M

A+ Ar+ qy” s_LJ-I
aM(%)»ra(%)s;:

atb+% =2l
Qa
A*+ba b =2 a
a0 ~ISa + 3 =
(a =1L )(a = 3) =0
a=02 or 3X
> Mz 6/\% =
l?—,‘o"},.

29
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Y
-C Example 5 )
Find the number of terms in the geometric sequence 81,27 9, @ 7;\

=1 a=8 r=%  Ta=i,

= n-l _
R R TS

° h-) - ‘
Al 1 = ==

3 218>

Exponential sequences

Exponential functions of the form y = Aa*, where A
is the initial value and  the multiplier or 4
common ratio, produce geometric sequences. 107

Consider a ball dropping from a
height of 10 m.

If the ball bounces back to % of its original
height on each bounce, the height of the
ball is given by the following pattern:

height after each bounce (m)
th

4
2 231 |
After 1 bounce: 10 < 3 = 10(3) 3
2 2
After 2 bounces: 10 X 3 X 2 =10(3)" 14
5 ver 10 % 2 % 2w 2 — 10(2)
After 3 bounces: 10 < 2 < 3 X 2 = 10(3) TO 1 2 3 4 % ¢ 3 & 9 1o 11

Number of bounces

After n bounces: 10 < (%)”

30
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(Example 6 )

A ball is dropped from a height of 27 m and loses % of its height on each bounce.

(i) Find the height of the ball on each of its first four bounces. v’
(ii) Hence write down the height of the ball after the 10" bounce. L.’
(iii) Adfter which bounce will the ball be at most 2.5 m above the ground?

Pictues 29~ Dnd > T
oh 2

od"™ _
T ?go‘\"
D
o 2% 9,3, 15 8 K
a= )1+ jr=94 =)
2r 3

>
q
To = 22 (%) = 13

Exercise 4.4
1. Determine which of the following sequences are geometric.

Find the common ratios of these sequences and write down the next two terms
of each sequence.

¥ s 11 1
(l) 3, 9, 27. 81, ... (]l) 1, 3+ g a7 e

T ' =4 .
_ (\)r33

38, 20 30

ﬁo get next term x3

(i) = (_li) - L
| 3

L)
Lol i 5, %),

—

31
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2. Each of the followi

ng scquences 1s geometric.

Find @ and » and hence find the indicated term.

(i) 5. 10,...(T,)

(M

(i) 10, 25
a=§S , r=1°
)

,

\)

G=10 , = 28
lo

b
T3 = f‘O(l‘S) =

March 14, 2013

v (T7)

= §(2)° = 51w

= 20

24%)s 404,25

3. Given T, =12 and T5 = 324, find a and r and hence write down the first five terms

of the sequence.

O

First 5 terms:

To=12

r

12=ar

Te=324% > 324=ar®

324 =12\
i

2% =2
12

a: |2/’5 = qf |

> a= 12/ ()

©

> r={F >

a=¢4

L(" \9—, ?7‘:‘ ’Oqi, 324

32



Sequence and Series Lesson 6 March 14, 2013

5. Write down the first five terms of the geometric sequence that has a second term 4 and

a fifth term — #

Tozar"™" | T,=u > U=ar' Sa=4/ @

SOLVE

O~® | - =(t+)r“g S - 41

02 T=ar' | Taet o 4=al4) 3 -lb=a

First 5 terms "(7,”(, -, ,_l/“’

- - - - L ] - L 2 -
6. A:
- - - - - - - - - -
- - - - L J - - - ... ctc
- - -
B:
- - - - - -
L J - - - - -
- - - * ... etc
C D:
...... etc. N <1 (e

By inspection, decide which of the above patterns generate a geometric sequence.
Draw the next pattern of those that are geometric.

Only A is geometric r=3%
Akt DD
‘\'u" Z e ®© e e e e

33
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7. The three numbers n — 2, n and n + 3 are three consecutive terms of a gecometric
sequence, Find the value of 7 and hence write down the first four terms of the sequence.

Tn-n r= _!‘__ = h+3
2 :FT n-2 h
2

Solve =

Nzb 3 A-2 =6b-2=4 3a =¢
- n =0
a4 nt = b3 =9

First 4 terms: 4, b, 4

8. The third term of a geometric sequence is —63 and the fourth term is 189. Find

(i) the values of a and r
. (ii) an expression for 7,.

O
TS’ —kg
Ty =134
=T r= 184 > r=-3
Ts —2
6[7? -Tn‘ﬂfn—’ T"S =-b3
A
2 —63 = a(-3)
—63 = 9a
A= —b7 > a=-7
1
O Th = (’7‘)(”3)"\—'
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9. The first term of a geometric sequence is 16 and the fifth term is 9.
What is the value of the seventh term?

XrXroxro Xr
NN Y

TL ,T's | T‘\‘ ITS'

Te = 4

3 trt =9

14 _

rr;ﬁr/q - g - (G -R
Tezar™ Ty = (Hﬁ’w)b T (7':1'.;./

alternative 9, The first term of a geometric sequence is 16 and the fifth term is 9.
method What is the value of the seventh term?

Tz ar"” T =a=1[b

4= 1h(r)*

rq’/i > \"-;\Yi
(b Y

Ta= ar™™ - b(E) -3
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10. The product of the first three terms of a gcometric sequence is 27 and their sum is 13.
Find the first four terms of the sequence.

let 1st 3 terns be a , ar, ar?
Faoouer AX arxar? = (ar)1= 2%
> av =23 =3 3 4-3 O
r
Suw. a+ar+ar*=12 @
S in O~ @ 3 +<}_)r +(_g_)r‘=\'s
r r 4
Xr 32 +3r +3v* = )2
Solve v - loy +2 = o
(3v —1)r —3)=0
V=I01/2 o v=3
Su'; l‘\ko(D _ 7 _ -s/
a f):‘) 7 q o Q= 2 = |
First TERMS q)gll)% o~ | ,3,‘1)23—
' Sum to n terms of geometric series
o () Ts onat S5’
(i) |'+’$ +9+ ... a=| Jrsg
g-1
ot Te = (NB)YT = 3 = 8
TV\-/ ar § ( ) /

_a(1-r")
% S5

\\

Se = 10=3°) - T _ I-2%3.1y

-3 -2 -2 /

March 14, 2013
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Geometric series

fsE
T

Ta=ar™’

Spza(1-r")
|-r

Geometric series

Tp=ar™

dhvide

i} ali-1")

On

{ Example 1 )

March 14, 2013

G) 1+3+9+ ..

a=1 =5 =3

{ Example 2 )

Find 75 and S5 of each of the following:

a= 1

Ts

S

\\}

1l

¥

. 1 i
w1 Ak g AF 5 A eeo

rsklf)-.:y
T

= (%)

341
25(

In a geometric series, 73 = 32 and 7, =4 ; find @ and r and hence find Sg, the

T, =Y
b= ar®

sum of the first eight terms.

T =32
32= ar?

ar® - 4
art 32

=2

> a- s/ (y)" -

-—
—

O%

r#

7 J_s’— i 2
32(11-): 128 =

128 (1 - (5)°) _ 255

L

2

[ —

-
=

5

—

a
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)
Ey. 4.5
04
Su=a(1-r)
| =Fr
05
Sy = a(n-r")
| =r

Sertes: 31t(bt §+ ... S, =7

ﬂ=g7_ f‘:_’é_l

32 2
S.= 32(1~ (%)")
| -4

~ 639

Serus: 4-12+36~10% + ..

March 14, 2013
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Qb

Y\47

Tz ar”

diide by 324

GYa21) = agx
.
L%m =%

Su=a(1-r")
| -r

84

Sun dorms”
fitok tn et
=1 +o r=b

S - a(i-m™)
| =Y

March 14, 2013

Seris: 29 - 243 +¢i1-... -k

Findt He humlen of taens?

a=?7-"l / r= tﬁ%:‘_‘, ,Th'-"'Lz
L

() (3)”
> L = .LH 3 h-\=%
A
3 n=2
Sz »A(-(5)) = s
- (%)
B o 4§ Q4-3
2 v
o
= \
Tu
|
Ti= sz~‘* ViU el
T_,,s s = b
T = 47 =y 1

Sé; ‘_f_\(';wﬁ‘i)= S4Lo

39
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The idea of a sum of infinite terms having a limit.

For a geometric series
with |r] < 1,

. _ _a
lrltrgi” 1—r"

If I walk towards a wall that is 10 m away and every
second I cover half the distance between me and the
wall. T will never reach the wall. The sum of all the
ES : : .
distances I cover will add up to slightly less than 10 m!

{ Example 3 )

For a geometric series . P 5 .
& Find the sum to infinity of the gecometric series 16 + 12 + 9 + . ...,

with || < 1,
a

lim S, =

* a=lb  r= -
( A
J (b
S = .._q—_ - e = 2L
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19. The value of a sum of money on deposit at 3% per annum compound interest is givern
by A = €4000 (1.03)" where ¢ is the number of years of the investment. Find
(i) the amount of money on deposit
(ii) the value of the investment at the end of cach of the first four years
(iii) the value of the investment at the end of the 10th year

(iv) the number of years, correct to the nearest year, needed for the investment to
double in value.

(0] o depotit > € =0 yaeas
=2 A= Yooo (\-03\)0 = € lkood

('Ii) | e 2 A—\z 4000(\ -b'!)‘ = € U] 20

2 3> A = Yooo ((-03)" = € 4242 -bo
3 wae ? A= 4ooo (1-03Y = € §3%0- 1)
4 >

A|-= tooo él‘DB)q'séq'S'o?_ oY
G| A, = Uooo (103)° = €5375.63

A,z Llooo A = Yooo (1-03 )¢
Voulla A°9€8°°° > fooo = Yooo C|'(>3)c
t =7 > 2 = [-03"

t = loa,.b_sl = 2345 2~ N3 ?,.u 0..0.-«)

Recurring decimals

Recurring decimals can be expressed as a sum Lo infinity of a gcomeltric sequence, where thy
common ratio r = 1.

For example, 0.3=03333..... = > + -3 4 3_4 3 4

where a = 0.
Similarly,
0.235=0.2353535. .... = 0.2 + [0.035 + 0.00035 +

35 35
= 0.2 + + + . ...,
0.2 1000 100000

= 0.2 + an infinite geometric series

_ 35 1
iooo " =900 -

41
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10. Write each of the following recurring decimals as an infinite geometric series.

Hence express each as a decimal in the form & a.be N

@oﬁ

b
0.35 (iii) 0.23 Giv) 0.370

(v) 0.162  (vi) 0.32i
B4y 03 = 033330 =34 F 42 4o
[O Iod lood
Q
Soo = 1y a=%, r=rto
5;0 = i“) = _%2__ =
,"‘(fo q/ID q
(i) | 0-35 = 0-351535.... = 25 4 3¢ 430 +.
loo [ooop Ioeoove
’= 35 /oo r=1/leo
Sw=ff, | S0 = Do -GU=) -
C\ T I°°3 (qq/\un) 9

11. Find S, the sum to n terms, of 1 + 5 + (%)2 + (,‘,:)3 +
sum to infinity of the series.
Find the least value of n such that S__ — §,, == 0.001.

(3 ~' and hence find S._, the

g = a(l—r1"
,=al=T)
|-
A
Se =Ty

S = S 2 D00\
Subtract 2

divide by -2 & change inequality
Subtract 1

change signs & inequality

@,9 0-0005 =J0-9L5
3

a=| r= ‘l'q, Nn="
Gy = W=()) = 10-0)) = ¢y _ (k)
i | = Vo /9 /

L
R R )
2 2-20-()) < o-o0
-2(1-®)%) « - 1-999
-5) > 0-9495
_;‘2"" > =0-000%
('g_)“ = ()+0005

=1

> (é’_)n < poocesS WN=]
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Sy

Solution

Sg’?

/(V\ =2 (5“)

Understanding this question

8
8. Ewvaluate ZZK 3
r=1

T = 2@') = (’)xz a=b
2(3) = I8 r=3
Tz 2(%) = 5¢

S = 6(1-3)
B

)\
\

= 19 b%0

March 14, 2013
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Section 4.6

1st difference constant
2nd difference constant 7, = an’ + bn + ¢

3rd difference constant

March 14, 2013

Number Patterns

To find a

a = lst difference

Pattern
T,=an + b
2a = 2nd difference

T,=an*+ bn*>+cn+d 6a=3rd difference

{Example 1 )

Express the nth term of the number pattern —1, 13,51,125,247 .... asa

cubic polynomial.

Ist D

et D
A= 3D
Cubic

= 6a= 3rd difference

get 3 equations
to be able

to solve

for 3 unknowns
b, cand d.

Tl T‘L T-)
Nl 12 5y 125 243
Y4 38 +4 122
24 36 4y
(2 2

ba=12 3 a=2
Shage - an® +bn* + Cn +ol
S 2 +bn*+an +d

T = 9.(@3 Y bOY+c() +d= -|
2+ }o-rc,-l—o{‘é-fl
bycrol =-3 O

TL = 202)° + b(2)*+t c(x)+o =13
6 +Ub +2¢ +4 =13
Yb +2c +4d = -3 @

Ty 2 26)° + b(3)“+ c(3)+d = &
S5¢ + 9b + 3c +d =8|
b +3c+d=-3 (3
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Solve

—®

“®

General expression

Cubic polynomial

March 14, 2013

bte+d=-13 0
Uh t2e +ol= -3 @
b +3c+d = -3 O

b +c
Tb +2¢

o ®
o ®

b +72 é3|o)=o
So - bh=0
b =0

3 c=-3b

(U}

? b=o
c=3()

S c=o

0+to+d =-3 7 d==3

2+ n?+cn + 4|

= nt -3

6. Each of the following number patterns can be written in the form an® + bn*+ cn + d.

Find the values of a, b,

¢, and d in each case:

() 6,27.74,159,294

(i) 3,-1,—-1,9,35
(iii) —1,2,17.50,107

D\

Differences D
V32

for cubic 6a= 3rd difference

cubic shape

Tl T'a_ T’S

b 2 % ST M
21 UF 3 N3¢
20 73 To

2 I
as7 é,q-’,"l. 2 qa=2

an®+bn* tcn +ol = W + bn*+en +ol

203+ () +cl)+d =0
2 +htctd =6
b+c+d =% ©®

20 + b)Yt + c(2) +d =2%
IL +4b +2c +ol =27

4y + e +ad =1l @

2033 4+ b (3)*+c(3)+ad=7¢
€4 + Qb+ 3c+d=F

ab + e +d=2 @
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Solve

-0
®-0

©-0
~®
0

cubic shape

6. Each of the following

March 14, 2013

b+te +d=4 0

Ub+ Je +ad =1 ®

b +3c+d =20 (D

3b +¢ =F = % +c=F @
Cb+2c =16 > 4bt+tc=9 ©
> b=

2 ) +c =% 2 = U

2 )+ U4 +d =6¢
S+d=¢ S d= -\
AW + bn* +en +ol

=Ind 40t +4n -1 s

number patterns can be written in the form an® + bn’+ cn + d.

Find the values of a, b, ¢, and d in each case:
(i) 6,27 74,159,294

) 3,1, 1,9,35
~1,2,17,50,107 T T.
(O ] I 1Y
Diff n -4 0 lo 26
ifferences D ; b 2
V3 . ;

for cubic 6a= 3rd difference

cubic shape

’]’;=

a=7 ba=b 2 a=1
an*+tbn* tcn +ol = NP+ bptrendal

(¥ + bi)* + () +d = 3
|+ b+c+d =%
bt+e +d =2 O
(2P + b(2)* ¥ c(2) +d = -
8+ Ub +2c+d =-I
bo +2c+d =-1 @
G + b()D* ¥ D+ d>-l
2%+ Qb+ 3c + d=-I

b +3c + 4= -28 (9
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Solve b +c+d =2 (O
b + 2¢ +d =-9 @
Ab + 3¢ +ol -2 (D

- (G- 3b +c = -l ®
©-C | Qb tac=-30 3 Ubrc=-I5©
BB | 5 b=-t

&d0) > 3C¢)+e=—y
-2 +c ==l 3 c =|

~® D ¢+ | +ol =12
-2+ 0 =2 ? d=§

cubic shape |  »3 + Lu? 4 cin + ol

6. Each of the following

Find the values of a, b,

= N -tn*+n+s5 s

number patterns can be written in the form an® + bn’+ cn + d.

¢, and d in each case:

(i) 6,27 74,159,294

(ii) 3,-1,-1,9,35
~1.2,1750, 107 LI A

b - | 2 =+ So 10}

\ 3 IS 33 s*F

Differences Dz (2 13 24

D2 b b

for cubic 6a= 3rd difference

2=7 ba=t > a=I

cubicshape | gn+by* +cen +ol = NP +lon*+cn+d
T=1 P+ bl)+ c()+d= -]
| + b +c + ol =~—I
bte +d =-2 ©
T= (7-)1 t+ b(2)* +c(r) +ol= 12
§ + 4b +2¢ +o =2
4L + 2¢ + o = —( @
= (P + bO)* + <(3) + =17

2¥ + Qb ¥3ctd =}

A +3c+d=>~-lb O
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Sequence and Series Lesson 6

Solve

/-)(D

cubic shape

b +ctd=-2 ()

b + 2¢ +d =-6

Ab + 3¢ ol =-lo (D

3b+c = -¢ ®
b t2¢ = -3 S Ybtc=-¢ O
35 b=o

N3 + b + cn + ol

= n-bn+2 s

March 14, 2013
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